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INTRODUCTION

Systematic studies into the possibilities of various
semiempirical models of turbulence, initiated at the
time of the first Stanford Conference [6], have resulted
at present in setting certain “ratings” of such models,
which characterize them both from the standpoint of
exactness of calculation of various types of turbulent
flows and from the standpoint of computational effi-
ciency (see, for example, [7–9]). In particular, speaking
of the simplest models based on the Boussinesq
hypothesis of linear correlation between the tensors of
Reynolds stresses and rates of deformation of averaged
flow, the highest ratings (see, for example, [8]) are
given to the 

 

k

 

–

 

ω

 

 model of Menter [2] (hereinafter
referred to as M–SST model) and the Spalart-Allmaras
model of turbulent viscosity transport (S–A) [3], as
well as to the modification of the latter model allowing
for the effects of curvature of stream lines and rotation
(SARC) [4]. However, these ratings are mainly based
on the results of calculations of two-dimensional wall
flows, which is due to the limited base of experimental
data on complex three-dimensional flows on the one
hand, and to the laboriousness of calculations of such
flows on the other hand. In view of this, the question of
validity of these and other similar models for the calcu-
lation of complex three-dimensional flows character-
ized by a number of characteristic features (the presence
of spatial pressure gradients and separation zones, sig-
nificant anisotropy of turbulence) remains open, and
special investigations are required for answering this
question. At present, the solution of this problem

appears to be quite feasible owing to the advent of new
methods of measuring the characteristics of turbulent
flows and a considerable increase in the efficiency of
computer equipment. In particular, in this paper we
give the results of calculations of flow in an 

 

S

 

-shaped
rectangular channel (Fig. 1), which was experimentally
investigated in detail by Bruns 

 

et al.

 

 [1]. Along with the
results of measurements of the basic parameters of
averaged flow in a three-dimensional boundary layer
formed on flat (parallel to the 

 

xz

 

 plane) walls of the
channel, data on the pulsation characteristics of flow
are given in [1]. From the standpoint of estimating the
capabilities of turbulence models, an important feature
of this flow is the presence of both longitudinal and
transverse (along the 

 

z

 

 axis) pressure gradients whose
sign varies at the inflection point of the 

 

S

 

-shaped walls
of the channel (in the section with 

 

x

 

 = 4.5 m). This
brings about the change of sign of the transverse com-
ponent of velocity in the wall region of the boundary
layer and, as a consequence, about a qualitative rear-
rangement of the velocity profile in the boundary layer.
In particular, if the velocity profile has the so-called
“one-way downwash” (angle between the velocity vec-
tor projection onto the 

 

xz

 

 plane and the 

 

x

 

 axis does not
change its sign within the boundary layer) upstream of
the inflection point of the channel, it is characterized by
a “two-way downwash” (the foregoing angle remains
positive in the external region of the boundary layer and
becomes negative in its wall region) downstream of this
point. Because of these features, this flow may be
regarded as a fairly difficult and representative test for
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Abstract

 

—Three-dimensional Reynolds equations are used to calculate a turbulent flow in an 

 

S

 

-shaped rectan-
gular channel, which was experimentally investigated by Bruns 

 

et al.

 

 [1]. It is the main objective of these cal-
culations to estimate the accuracy provided by the most popular linear models of turbulent viscosity in applica-
tion to complex three-dimensional flows. In particular, two models of this type are treated, namely, the Menter
model [2] and the Spalart-Allmaras model [3]. In addition, in order to estimate the possibility of improving the
accuracy of simulation owing to the inclusion of the effect of curvature of the stream lines and of anisotropy of
the Reynolds stress tensor, calculations are also performed using the appropriate modifications of the Spalart-
Allmaras model [3], as suggested in [4, 5]. It is demonstrated that all of the treated models produce similar
results, qualitatively correctly describe the experimentally observed tendencies, and, by and large, provide for
an adequate qualitative agreement between the prediction and experimental data over the averaged characteris-
tics of flow. Some differences are observed only downstream of the inflection point of the 

 

S

 

-shaped walls, where
a velocity profile with two-way downwash is realized. In calculating the Reynolds stresses, the nonlinear model
of [5] is clearly advantageous over other models.
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estimating the capabilities of semiempirical models of
turbulence in calculating three-dimensional flows.

The calculations were performed within the Rey-
nolds equations for incompressible liquid using the
M

 

−

 

SST [2], S–A [3], and SARC [4] linear models of
turbulent viscosity. Further, in order to assess the poten-
tial advantages of nonlinear models of turbulent viscos-
ity, the nonlinear version of the SARC model [5]
(SARCNL model) was treated, which is based on the
following nonlinear correlation between the Reynolds
stress tensor and the kinematic characteristics of aver-
aged flow:

Here, 

 

τ

 

NL

 

 is the sought (nonlinear) vector of Reynolds
stresses, 

 

τ

 

 is the Reynolds stress tensor determined using
the classical Boussinesq linear hypothesis 

 

(

 

τ

 

ij

 

 = –2

 

ν

 

t

 

S

 

ij

 

)

 

,

 

ν

 

t

 

 is the turbulent viscosity, 

 

Ω

 

ik

 

 is the normalized tensor

of vorticity 

 

Ω

 

ik

 

 =  – 

 

, and 

 

C

 

NL

 

 is

an empirical constant equal to 0.3 [5].

FORMULATION OF THE PROBLEM 
AND CALCULATION METHOD

As was already mentioned, the subject of investiga-
tion in the experiments of Bruns 

 

et al.

 

 [1] was the
boundary layer developing on a flat channel wall paral-
lel to the 

 

xz

 

 plane (Fig. 1). In order to eliminate the
effect of the boundary layers formed on the 

 

S

 

-shaped
side walls, these boundary layers were cut off at the
inlet to the 

 

S

 

-shaped portion of the channel located at a
distance of 2.5 m from the beginning of the channel.
As a result, the channel width in this section decreases
from 1.1 to 1 m. In view of this, the flow was calculated
in two stages.

In the first stage, in order to determine the boundary
conditions at the inlet to the 

 

S

 

-shaped portion of the
channel, the flow in the inlet (straight) portion of the
channel 2.5 m long, 1.1 m wide, and 0.42 m high was
calculated. In so doing, in accordance with the condi-
tions of the experiment, the Reynolds number for the
length of 1 m and velocity 

 

U

 

0

 

 at the channel inlet was
taken to be 

 

10

 

6

 

. The inlet (at 

 

x

 

 = 0) boundary conditions
in this stage involved a uniform profile of longitudinal

τNL( )ij τ ij CNL Ωikτ ij Ω jkτ ik+( ).–=

∂ui

∂xk

--------
 ∂uk

∂xi

--------
     

∂
 

u
 

m 
∂
 
x

 
n

 --------- 
∂

 
u

 
m 

∂
 

x
 

n
 --------- 

velocity, and the transverse components of velocity
were assumed to be zero. The no-slip (

 

u

 

 = 

 

w

 

 = 0) and
impermeability (

 

ν

 

 = 0) conditions were preassigned on
the channel walls, and soft boundary conditions (linear
extrapolation from the internal points of the region to
the outlet boundary), at the channel outlet.

The characteristics of turbulence, which must be
preassigned as the boundary conditions, depend on the
model of turbulence employed. In particular, in the case
of the S–A model and its modifications, the boundary
conditions must be preassigned directly for turbulent
viscosity, and, in the case of the M–SST 

 

k

 

–

 

ω

 

 model, for
the kinetic energy of turbulence 

 

k

 

 and specific rate of its
dissipation 

 

ω

 

. The conditions were preassigned as fol-
lows.

Almost zero turbulent viscosity, 

 

ν

 

t

 

/

 

ν

 

 = 2 

 

×

 

 10

 

–3

 

, was
preassigned in the main part of the channel inlet section
in accordance with the conditions of the experiment. In
order to simulate the rough portion of the wall used in
experiments for the turbulization of the boundary layer
at the very beginning of the experimental section, a
sinusoidal profile of turbulent viscosity with the maxi-
mal value of 

 

ν

 

t

 

/

 

ν

 

 = 1 was preassigned in the thin wall
part of the flow. The turbulent viscosity on the channel
walls was assumed to be zero; on the outlet boundary
of the calculation region, soft boundary conditions
were preassigned for 

 

ν

 

t

 

/

 

ν

 

, as well as for velocity.
In accordance with the recommendations of Menter

[2], the value of 

 

ω

 

 at the channel inlet was taken to be
constant and equal to 

 

10 

 

×

 

 (

 

U

 

0

 

/

 

L

 

)

 

 (where 

 

L

 

 is the chan-
nel width equal to 1.1 m), and the kinetic energy of tur-
bulence was calculated by the formula 

 

k

 

 = 

 

ων

 

t

 

 using the
above-described profile of turbulent viscosity. The con-
ditions of [2] were preassigned on the walls, namely,

 

k

 

 = 0, 

 

ω

 

 = 60

 

ν

 

/(

 

β∆

 

)

 

, where 

 

β

 

 = 0.075,

 

 and 

 

∆

 

y

 

1

 

 is the
grid spacing at the wall; on the outlet boundary, soft
boundary conditions were preassigned, as for all other
variables.

The results of solution of the problem described
above using all of the treated models of turbulence
turned out to be almost identical to one another and to
agree well with the data of measurements of velocity in
the flow core, as well as of friction and pressure on a flat
wall in the channel section with 

 

x

 

 = 1.9 m, where the
first measuring station is located. This points to the
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Fig. 1.

 

 The scheme of the experimental setup [1].
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absence of appreciable effect of variation of the chan-
nel width at 

 

x

 

 = 2.5 m and of its bend further down-
stream on the parameters of flow in the section with 

 

x

 

 =
1.9 m. As a result, the profiles of velocity and charac-
teristics of turbulence in this section, obtained in the
first stage of calculation, may be used as the inlet
boundary conditions for the second stage, i.e., in calcu-
lating the flow directly in the 

 

S

 

-shaped section of the
channel. In order to simulate the “cutting off” of the
boundary conditions on the 

 

S

 

-shaped walls, which was
performed in experiments in the section with 

 

x

 

 = 2.5 m,
these profiles were “cut” in the sections with 

 

z

 

 = 0.05 m
and 

 

z

 

 = 1.05 m. In order to eliminate the increase in the
boundary layers on the 

 

S

 

-shaped walls in the region
from the inlet to the calculation region (

 

x

 

 = 1.9 m) to the
beginning of the 

 

S

 

-shaped section (

 

x

 

 = 2.5 m), the
boundary conditions of free slip 

 

∂

 

u

 

/

 

∂

 

z

 

 = 0, 

 

∂

 

v

 

/

 

∂

 

z

 

 = 0,

 

w

 

 = 0 were preassigned, and, at 

 

x

 

 > 2.5 m, the condi-
tions of no-slip and impermeability 

 

u

 

 = 

 

v

 

 = 

 

w

 

 = 0 were
preassigned. The respective calculation region and the
calculation grid are shown in Fig. 2 (in view of the sym-
metry of flow relative to 

 

y

 

 = 0.21 m, the calculation
region includes only half the channel). The rest of the
boundary conditions on the walls and the conditions at

the outlet from the calculation region coincided with
the above-described boundary conditions employed in
the first stage of calculations.

In solving both problems, an implicit upwind differ-
encing scheme [10] was used for numerical integration
of Reynolds equations. The convection terms of the
input equations were approximated by directional
(upwind) differences with third-order accuracy, and the
diffusion terms, by central differences with second-
order accuracy. The resultant finite-difference equa-
tions were solved at each iteration using the Gauss–
Seidel method with relaxation over planes.

The main series of calculations involved the use of
the orthogonal nonuniform grid shown in Fig. 2. It had
the dimensions 

 

80 

 

×

 

 35 

 

×

 

 81 in the x, y, and z directions,
respectively, with the points crowded in the neighbor-
hood of the walls in geometric progression with a coef-
ficient of 1.3 or less. The first (wall) grid spacing in the

wall law coordinates  = (∆y1ν*)/ν did not exceed
1.0. The results of some calculations performed on a
finer (111 × 47 × 113) grid of similar structure have
demonstrated that the basic grid provides for an almost
convergent solution.
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Fig. 2. (a, b) The scheme of the calculation region and (c) the grid used to calculate the flow in an S-shaped section of the channel
(in the second stage of calculation).
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DISCUSSION OF THE RESULTS

Figure 3 gives the experimental fields of the pres-
sure coefficient on a flat channel wall and the respective

results of calculations using four models of turbulence
being treated. One can see that all models produce sim-
ilar results and qualitatively correctly describe the
experimentally observed behavior of pressure, includ-
ing the variation of the sign of transverse (along the
z axis) pressure gradient in the neighborhood of the
inflection point of the side walls of the channel (at x =
4.5 m). A clearer quantitative view of the degree of
agreement between the predicted and experimentally
obtained distribution of pressure, as well of friction on
the flat surface being treated, is given by Fig. 4. The fig-
ure shows the distribution of the coefficients of pressure

Cp = 2[p(x, z) – pref]/ρ  and friction Cf = 2τw(x, z)/ρ
(pref and Uref denote the pressure and velocity at the
channel inlet) along three lines located on this surface
in parallel with the S-shaped side walls of the channel
(the middle line M and two lines spaced 0.19 m
upward (U) and downward (D) of this line on the
z axis) where the measurements were performed. One
can see in Fig. 4 that all four models predict almost
identical distributions of the pressure coefficient and
very close distributions of friction. Note that the advan-
tage of the M–SST and SARCNL models over the S–A
and SARC models is insignificant. This result is quite
unexpected, because even in calculating simpler two-
dimensional boundary layers with a longitudinal pres-
sure gradient [8, 9], the difference between the distribu-
tions of friction calculated using the M–SST and S–A
models is much more pronounced. The similarity of
results obtained using all of the treated models is
observed for the remaining parameters of averaged
flow. In view of this, only the results obtained using the
M–SST model are given. Note that, within the first
“bend” of the channel (up to the section with x � 4.2 m),
the calculation results are in very good agreement with
experiment. However, further downstream, the pre-
dicted Cp and Cf curves deviate somewhat from the
experimental data, although the pattern of predicted
distributions of pressure and friction continues to
reflect all of the singular features of their behavior in
experiment.

As was noted in the introduction, the distinguishing
feature of the flow being treated is the qualitative rear-
rangement of the velocity profile in the boundary layer
when passing the middle of the S-shaped part of the
channel. In Fig. 5, this rearrangement is characterized
by predicted and experimentally obtained distributions
of the angle β formed between the projection of the
velocity vector on the xz plane with the x axis on the
external boundary of the boundary layer, of the corre-
sponding angle on the wall αw, and of their difference
(αw–β). The value of αw was determined in the calcula-
tion, as in experiment, by the parameters of flow at a

point with the coordinate  �3. Given in Fig. 5 for
comparison is a variation of the slope of the S-shaped
wall to the x axis. One can see in the figure that the pre-
dicted distribution of β is in good agreement with
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Fig. 3. Isolines of the pressure coefficient Cp on a flat wall of
the channel: (a) experimental data, (b) calculation by the M-
SST model [2], (c) S-A [3], (d) SARC [4], (e) SARCNL [5].
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experiment throughout the channel. The distribution of
αw, similarly to pressure and friction on the wall (Fig. 3),
gradually deflects from the experimental points in the
region downstream of the inflection point of the side
walls of the channel; at the channel outlet, the differ-
ence between the prediction and experimental data for
αw may be as great as 4–5 degrees. The pattern of vari-
ation of the local angle of downwash (α–β) across the
boundary layer is shown in Fig. 6, which gives the pre-
dicted and experimentally obtained dependences on the
universal coordinate y+ at the point lying on the line M
at x = 4.925 m. One can see in Fig. 6 that the difference
between the predicted and experimentally obtained
data is observed only in the internal region of the
boundary layer (at y+ < 103).

In spite of the observed deviation of the predicted
data on pressure and downwash angle of the flow from
experiment, the profiles of the longitudinal (parallel to
the plate surface) component of the velocity vector,
constructed in the wall law variables u+(y+), agree very

well with experiment throughout the channel. Figure 7
gives, by way of example, comparison of the predicted
and experimentally obtained profiles on the line M at
x = 4.925 m. Similarly to experiment, neither the three-
dimensional pattern nor the variation of the sign of the
transverse component of velocity in the wall region of
flow leads to a marked deviation of the velocity profiles
in the internal region of the boundary layer from a sim-
ilar profile in a two-dimensional boundary layer on a
flat plate u+ = (1/0.4)ln(y+) + 5.1.

In order to explain the possible reasons for the dif-
ference between the predicted and experimentally
obtained distributions of pressure and downwash angle
of flow in the internal region of the boundary layer in
the second half of the S-shaped section of the channel
(see Figs. 4–6), the velocity field was analyzed in more
detail. Given by way of example in Fig. 8 are fragments
of the predicted field of the longitudinal component of
velocity in different cross sections of the second half of
the S-shaped section of the channel. One can see in the

–0.5

2 3 4 5 6
x, m

–0.4

–0.6

–0.3

–0.2

–0.1

–0.5

–0.4

–0.6

–0.3

–0.2

–0.1

–0.5

–0.4

–0.6

–0.3

–0.2

–0.1

0.001

0.002

0.003

0.004

0.005

0.001

0.002

0.003

0.004

0.005

0.001

0.002

0.003

0.004

0.005

Cp Cf(a)

(b)

(c)

I
II
III
IV

Fig. 4. The distribution of the coefficients of pressure Cp and friction Cf along the lines (a) U, (b) M, and (c) D. The points indicate
the experiment [1]; I, calculation by the M-SST model [2]; II, S-A [3]; III, SARC [4]; IV, SARCNL [5].
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cates the calculation by the M-SST model [2].
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figure that, according to the calculation, two (one in each
of two channel halves symmetric with respect to y) small
separation zones with the beginning at x � 4.5 m and
the end at x � 5.0 m are formed on the lower S-shaped

wall. Unfortunately, no measurements were performed
in this region during experiment; therefore, it is difficult
to say how accurately the employed models of turbu-
lence predict the size of the separation zone shown in
Fig. 8. However, if we assume that they are underesti-
mated, this will help explain the discrepancies between
theory and experiment observed above, in particular,
the overestimated pressure and underestimated friction
on the flat wall in the second half of the S-shaped sec-
tion of the channel.

On summing up all of the results treated above, it is
possible to conclude that the employed modes of turbu-
lence enable one to fairly accurately predict the princi-
pal averaged characteristics of the flow being treated
and that the observed discrepancies between theory and
experiment in the second part of the channel are appar-
ently due to the inadequately accurate description of
closed three-dimensional separation “bubbles” formed
on the lower S-shaped wall of the channel.

The exactness of calculation of Reynolds stresses
may be judged from Fig. 9, which gives the predicted
and experimentally obtained profiles of different compo-
nents of the Reynolds stress tensor in the boundary layer
on the line M in the cross section with x = 4.925 m.
It follows from Fig. 9 that all of the treated models pre-

dict almost identical profiles of components  and

 which agree with experiment at least qualita-

tively. At the same time, the  profile may be quali-
tatively correctly described (though with a serious
error) only using the nonlinear SARCNL model. How-
ever, one can see from the foregoing results that this
does not entail a marked increase in the accuracy of cal-
culation of the characteristics of averaged flow. There-
fore, the obtained results support the thesis that it is not
always that improvements in the quality of description
of Reynolds stresses guarantee improvements in the
quality of description of the characteristics of averaged
flow [5].
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CONCLUSIONS

The basic inference to be made from the calculation
results is that the high ratings of the S–A and M–SST
models of turbulence, which are based on the results of
calculations of two-dimensional boundary layers, by
and large remain valid in analyzing much more com-
plex three-dimensional flows. In particular, in calculat-
ing the flow in an S-shaped channel treated in this
paper, both these models produce almost similar results
which agree qualitatively and quantitatively with the
experimental data on the characteristics of averaged
flow. As to the treated modified versions of the S–A
model, which take into account the effect of curvature
of the stream lines on turbulence (SARC model) and
the nonlinearity of correlation between the tensors of
Reynolds stresses and rates of deformation (SARCNL),
these effects hardly show up in the given flow. Some
advantage of the latter model is observed only when
calculating one of the components of the Reynolds

stress tensor ( ), which does not involve any appre-
ciable increase in the accuracy of calculation of the
averaged flow parameters.

Note further that a considerable discrepancy
between the prediction and experimental data on pres-
sure and downwash angle of flow in the internal region
of the boundary layer is observed in the region of two-
way downwash of the velocity profile in the boundary
layer (x > 4.5 m); this discrepancy is apparently due to
the inadequately accurate description of the closed sep-
aration region formed above the lower S-shaped wall of
the channel.
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